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ABSTRACT. This paper proposes a new algorithm for the optimal placement of the 
phasor measurement unit. The proposed algorithm is based on the concept of finite 
space solution of any binary problem. This algorithm has considered all possible 
cases; therefore, the possibility of obtaining a global solution is very high. The large 
system is divided into several subsystems. The buses (transmission lines) connected 
between the subsystems are called interconnected buses (lines). The proposed 
algorithm is implemented through two steps. First step identifies the optimal 
placement for each subsystem by checking on all possible solutions, the overall 
optimal placement for the entire system is gathered in the second step. Finally, all 
possible placements of the phasor measuring units with the optimal numbers are 
identified to select the best placement based on the user applications. In this work, the 
Jordanian power system is considered as a case study to validate the proposed 
algorithm. Four algorithms in the literature are used for the comparison using 
different IEEE test systems. The algorithm is computed in MATLAB 2020a. 
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1. Introduction. 
 Wide Area Monitoring Systems (WAMS) can be defined as a collective of information, 

communication, and measurement technologies to measure, transfer, and manage data of the 
power system dynamically. Different main applications of WAMS are presented in the 
literature for various power system aspects [1-5]. Phasor measurement units (PMUs) can 
provide synchronized phasor measurements of voltages and currents in a wide geographical 
area based on a standard reference time frame. Considering the financial cost, data transmission 
and analysis, and technical benefits, the suitable placement of PMUs in power systems becomes 
critical [6]. The concept of Optimal PMU Placement (OPP) is to install the minimum number 
of PMUs that can provide full observability [7-8]. 

Different OPP algorithms are presented in the literature. Artificial intelligence techniques 
based on the Practical Swarm Optimization (PSO) algorithm are used to improve the result of 
OPP algorithms in [9]. Other algorithms [10] use the linear optimization technique to solve the 
binary problem of OPP. Multi-Stage OPP considering substation infrastructure is presented in 
[10]. An integer linear program (ILP) is a fast and easy-to-implement algorithm, and it is used 
to solve the OPP problem [11-13]. In [14], a hybrid ILP-based method is proposed to cover all 
possible solutions to the OPP problem. Some common OPP approaches are the Depth-First 
Search (DFS), Graph-Theoretic (GTH), and Simulated Annealing (SA) Methods. A more 
detailed summary of these common methods is in [15]. The Modified Simulated Annealing 
Method is proposed in [16]. Generally, OPP can be categorized into: Heuristic, Meta-Heuristic, 
and Deterministic Methods [17], where DFS [18-19] Domination Set [12,20], and Greedy 
Algorithm [21] are examples of Heuristic Method. GA [22] and PSO [23] are examples of Meta-
Heuristic Method, and Integer Programming [24]. Binary Search Method [25-28] are examples 
of Deterministic Method.  

The significant difference among the previous algorithms is the number of PMUs required 
in a specific system [29-32]. Some algorithms give an acceptable solution for some systems 
and are not sufficient for others. Therefore, there is a necessity to develop a new algorithm for 
the OPP problem for any scenario [33-35]. In this paper, the proposed algorithm searches for 
all optimal PMU placements of any power system. 

2. The Problem Definition.  
The main application of the WAMS plays a significant role in the selection of the OPP 

(number of PMU and their locations) in any system; on the other hand, the primary application 
of WAMS is monitoring. For monitoring application, the system should be fully observable by 
the PMUs where the definition of the fully visible system is derived from the linear state 
estimator. The phasor voltage at all buses (substations) can be known by direct measurements 
or pseudo measurements. The phasor voltage is obtained by direct measurement when a PMU 
is installed at a bus. The pseudo measurements can be summarized as follow:  
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- If a PMU is installed at a bus, all adjacent buses are observable using Ohm's law on the 
interconnected lines.  

- If the voltages of two adjacent buses are known, the current in the connection line can be 
calculated.  

In addition to these two straightforward relations, any ideal node (does not have any load or 
generator), called zero-injection bus (ZIB), has another two concerns:  

- If ZIB and all connected buses are observable except one, then the non-observable bus's 
voltage can be estimated using ohms law. 

- If all adjacent buses to a ZIB are observable, then the voltage of the ZIB can be estimated 
using nodal analysis. 

Either the first or the second relation should be used at a ZIB, not both. The selection between 
these relations gives the problem additional Freedom of Solution (FOS). The merging technique 
in [7] is applied to implement the ZIB in this algorithm. The OPP problem can be translated 
into a constrained optimization problem where the objective function (cost) minimizes the total 
number of PMUs needed to be placed, and the constraint is the observability of each bus in the 
network. In general, the optimization problem can be written as follow: 

𝑜𝑏𝑗𝑒𝑐𝑡𝑖𝑣𝑒 = min ∑ 𝑥௜   ,   𝑓௞ = ∑ 𝑎௜௞𝑥௜
ே
௜ୀଵ , 𝐹 ≥ 𝐼                 (1) 

Where F is the observability vector  [𝑓ଵ, … . , 𝑓ே ],  𝑓௞ = 1 if bus k is observable and 0 if not. 
𝑋 is a binary vector that represents the placement of the PMUs [𝑥ଵ, . . . . . 𝑥ே ],   𝑥௞ = 1 if a PMU 
is placed at bus k and 0 if not. N is the total number of buses. 𝐼 is a unit 1 × 𝑛 vector [1 1 1 . . . 1]. 
The connectivity matrix A is a square 𝑛 × 𝑛 matrix represents the network topology 
[𝑎ଵଵ, . . 𝑎௜௝ . , 𝑎ேே]. If bus i and bus k are connected, 𝑎௜௞  =  1 and zero if not. The elements in 

the main diagonal of A are always ones.  

If the redundancy on measurements is needed, the observability condition (𝐹 ≥ 𝐼) shall be 
changed to (𝐹 ≥ 𝐵). The new term (B) represents the order of measurement redundancy. 
Hence, in the power system, to apply the n-1 criteria, the B vector should be twos. Based on the 
concept of the connectivity matrix and redundancy vector, equation (1) can be updated to: 

𝐹 = 𝐴 × 𝑋      , 𝐹 ≥  𝐵                                                      (2) 

3. The Proposed Algorithm.  

The proposed algorithm assumes that the local bus does not affect the observability of the 
remote one. Hence, the vast interconnected power system can be divided into multi areas 
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(subsystems). The observability of each subsystem is independent of the others. As the space 
solution of binary problems is finite, it can check all possible solutions without exceptions. The 
probability of getting a global solution here is 100% because all potential cases are considered. 
The proposed algorithm has three major stages: split the system into smaller subsystems, obtain 
the OPP of each subsystem, and gather the OPP for the overall system. 

3.1 Splitting Algorithm. 

 This algorithm provides a new connectivity matrix (modified matrix) to make the global 
binary method more efficient. The necessity of this algorithm comes from the problem of vital 
size space solutions for massive systems. At 30-bus system, the size of the space solutions is 
(𝑟 =  2ଷ଴ − 1). The division process must ensure the minimum number of interconnected 
buses to improve the algorithm's behavoiur and reduce the operation of the second step. 

The systematic procedure of the splitting algorithm can be summarized as follow: 

1- Select the minimum integer number greater than or equal to (N/30), the number of 
subsystems, and select the size of each subsystem. 

2- Start from the first row and sum all the first subsystem, second, third, … to the end. The 
summation should not include main diagonals elements. 

3- The maximum summation in the k row corresponds to the appropriate group. Then, move 
the kth row and the kth column to a position in the best group. 

4- Carry on until all buses are selected in their best group and make a modified connectivity 
matrix that is all centralized around the main diagonal. Change the size of any subsystem if 
it is necessary.  

5- Identify the inter-connected buses. 

For example, consider a small system with ten buses is used. The connectivity matrix is 
shown in Figure 1(a). The empty elements refer to zeros. Applying the previous steps as follow:  

1. Suppose that the system is divided into three subsystems (3, 3, and 4 buses, respectively). 
In the connectivity matrix, Figure 1(a), the matrix is colored by yellow, green, and brown 
to distinguish between subsystems.  

2. From the figure, the summation of the elements of the first row is zero in the first area, one 
in the second, and 2 in the third (Do not consider main diagonal in summation).  

3. The first row is classified in the third area, so the appropriate group of the first bus is the 
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third.  The first row should be replaced by bus 7 or 9, classified in the first area. Let us 
select bus 9; the ninths must replace the first column and row. The new matrix will be as 
shown in Figure 1 (b).  

4. The second iteration shows that bus two is classified in the second zone, while bus six is 
ranked in the third and bus 7 in the first zones. The final modified matrix is shown in Figure 
1 (c).  

5. From Figure 1 (c), the interconnected buses are buses 2 and 3. 
 

1 2 3 4 5 6 7 8 9 10
1 1     1  1  1
2  1 1 1 1      
3  1 1    1  1  
4  1  1       
5  1   1      
6 1     1     
7   1    1    
8 1       1   
9   1      1  

10 1         1       

9 2 3 4 5 6 7 8 1 10
9 1  1     
2  1 1 1 1      
3 1 1 1    1   
4  1  1       
5  1   1      
6     1   1  
7  1    1    
8       1 1  
1    1  1 1 1

10        1 1      

9 7 3 4 5 2 6 8 1 10
9 1  1     
7  1 1      
3  1 1   1   
4   1  1     
5    1 1     
6  1 1 1 1     
7      1  1  
8       1 1  
9      1 1 1 1

10        1 1
 

   (a) original matrix    (b) the first modification     (c) the last modification 
FIGURE 1.  Split Algorithm, Example of 10-bus system. 

From Figure 1(c), the density of the ones is around the main diagonal. All subsystem connectivity 
matrices can be identified by ignoring all ones out of the selected area, Figure 1(c). The connectivity 
matrix of the first subsystem is the yellow 3 × 3 matrix. The green 3 × 3 matrix represents the second 
subsystem connectivity matrix. Finally, the third subsystem connectivity matrix is represented by the 
orange 4 × 4 matrix. Based on this algorithm, any vast system can be divided into any number of smaller 
subsystems.  

3.2 Step one: OPP of each subsystem 

 In the first step, as shown in Figure 2 (a), the proposed binary global algorithm is applied to 
each subsystem to obtain sub-space solutions. It uses the concept of limited space solutions for 
any binary problem. Figure 1 consists of 13 blocks described below:  

- The split algorithm, previous section, defines blocks 1,2 and 3. This algorithm is repeated 
for each subsystem.  

- Block 4: select a random number of PMUs (K) around (N/4) where N is the subsystem's 
size. Set Y=2 for termination condition to stop the algorithm when the OPP is achieved.   

- Block 5: generate all possible combinations of K digits on N space, representing the 
different distribution of K PMUs in the N-Bus system. The total variety of K PMU on the 
N-bus system is given by equation 3. The set of solutions are saved in matrix X.  
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𝑀 =
ே!

௄! ×(ேି௄)!
                                               (3) 

- Block 6: compute observability condition Equation 2. 

- Block 7: check on observability based on required redundancy on measurements.  

- Block 8: If K PMUs make the system observable, check on the value of Y. If Y = 1, stop 
the algorithm, and K is the optimal number.  If Y is not equal to one, try to reduce the 
number of PMUs (K) in block 9, set the Y =0, and go back to block 5.  

- Block 10: if K PMUs are not sufficient to obtain the required observability level, check on 
the value of Y. If Y is zero, then the optimal number of PMU is greater than the current (K) 
block 12 and generate the location using the observability condition, block 13. If Y is not 
zero, try to add a PMU to the current number (K), set the y value to 1 and go back to block 
5.   

Once this step computes the optimal number of PMUs, the space solution of each subsystem 
(X1, X2, …. ) called sub-space solution is identified. A sub-space solution defines all 
combinations of optimal PMU placements for a specific subsystem. Each subspace solution 
matrix has many rows (vectors); each vector represents a particular placement of PMUs.   

3.2. Step two: Global OPP solution.  

 The second step, Figure 2 (b), selects the new space solution from the combination of sub-
space solutions. By trying to remove PMUs at interconnected buses (which connect one zone 
to another), the final optimal PMU placements will be defined. All sub-space solutions 
aggregation should take all possible crossing between vectors in each sub-space matrix, step 1. 
The second step tries to remove the PMU placed at the interconnected bus and check for system 
observability, see Figure 2 (b). The flow chart of this step is described below:  

- Block one generates a space solution by gathering all subspace solutions from step 1. The 
space solution should cover all combinations between the subspace vectors. In this block, 
the stop criterion (y) is initialized, where (m) is the number of interconnected buses.  

- Block 2: Identify interconnected buses from the split algorithm and initialize counter (i).   

- Block 3: remove the PMU at ith interconnected bus if exist from all space solution matrix.   

- Block 4: compute the observability vector (F) from equation 2 using the complete system 
connectivity matrix.  

- Block 5: check on observability. If any space solution makes the system observable, check 
on stop condition in block 7, return the removed PMU from block 3 and increase the counter 
(i) by one, block 6. 
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- Block 7: check the stop conditions. 

Two conditions are defined: Y for an external loop and (i) for an internal loop. If the stop 
criteria are not achieved, and the system is observable, the removed PMU is permanently absent 
from the space solution to obtain a new space solution with a lower number of PMUs and return 
to block 2. 

Number of subsystems (n)

Identify inter-
connected buses

Identify subsystems

Select random number (k), 
Y=2 

All combination of k PMUs in 
(n) space, X.

Compute observability A*X

Any case make system 
observable

Y=1?

Yes

No

start

stop

K=k+1
Y=1

K=k-1
Y=0

Y=0?

No

No

Yes

All combination of k+1 PMUs 
in (n) space, X 

Compute observability A*X

Yes

1

2

4

3

5

6

7

8
9

10

11

12

13

Generate space solution:
 X [x1, x2, … Xn], Y=m

start

Identify inter-connected 
buses , i=1

Remove the PMU at the  
inter-connected bus (i)  

Compute observability 
A*X

System observable
No

Return the PMU at the  inter-
connected bus (i), i=i+1 

Y=0? and i=m?

Yes

stop

Yes

NoPermeant remove bus (i) 
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vector, Y=Y-1

1

2

3

4

5

6
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(a)                      (b) 

FIGURE 2. Flow chart of the global binary algorithm, (a) step 1, (b) step 2. 
 

 

Finally, the proposed algorithm generates the final space solution consisting of all possible 
combinations of PMU placements with the minimum number. Jordanian power network is 
considered as an example in the next section to illustrate the previous sub-sections.  

4. Case Study: Jordanian Power System.  
The Jordan transmission power system has 68 substations after considering the ZIBs, Figure 

3. The proposed split algorithm divides the system into three subsystems, as shown in Figure 
3. The first subsystem, brown color, consists of 22-bus, the second subsystem, green color, 
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consists of 22-bus, and the third subsystem, black color, consists of 24-bus. The interconnected 
buses are: 34, 36, 40, 7, 2, 30, 35, 40, 15, 18, 28, 29, 49, 43 and 44. 

At each subsystem, the global binary algorithm is applied separately, step one. The optimal 
numbers of PMUs are 7, 7 and 8, and the size of each subspace solution is 30, 5, and 55, 
respectively. The total space solution, Figure 2 (b): block 1, consist of (7+7+8=21) PMUs with 
size (30×5×55=8250).  

26

27

40

25

28

29

18

1
13

15

16

7

12

14
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9

3

4

8

10

11

19 21
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31

3430

20 36
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To Syria
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24 23
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4142

44

49

To Ram
m

allah

4847
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50 52 54 55 56

45

515357
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66

686362
65

64
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To Egypt

34

 
FIGURE 3. Single Line Diagram of Jordanian power system 

When applying the second step by removing inter-connected buses, the result shows that 21 
PMUs are enough to observe the overall system with 2760 placement options. The second step 
results show that the PMU at bus 43 or bus 44 (not both) is unnecessary. Based on this result, 
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2760 placement options are available for the linear state estimation to get full observability. 
Other criteria could be achieved to select one of these placements like:  

- Maximum redundancy: which solution gives the maximum number of redundant buses?  
- Oscillation monitoring and analysis: which solution covers the maximum number of 

generator substations and tie-lines? 
- Stability assessments: Which solution consists of the maximum number of critical buses 

and the maximum number of loge transmission lines? 
- Remedial Action Scheme (RAS): the solution's priority can be defined based on special 

applications like load rejection, reactive power compensation control, HVDC controls, local 
generation units trip based on transmission line outages, wide-area generation tripping 
based on extra-high voltage line outages.  

- Other applications like black start monitoring, model validation, disturbance analysis, 
frequency response analysis,  

 

For example, each special function can be given a weight based on the user priority. Then, 
the optimal placement can be selected based on the maximum wights. Some applications with 
weights are defined for the Jordanian power system as follow:  

1. Monitor the low-frequency oscillations with weight 40%  
2. Voltage stability monitoring with weight 24 %  
3. Disturbance analysis for some transmission lines (TL43-49, TL 49-40, TL 40-30, TL 30-

18, TL 18-7, TL 7-2, TL 2-49, TL 49-57, TL 57-61) with weight 20 %  
4. RAS: Wide area generation tripping based on tie-lines outages in addition to some extra-

high voltage outages like (TL 57-61 and TL57-49) with weight 10%  
5. RAS: Load rejection based with weight 5%.  

 

In addition to these objectives, the maximum location that provides maximum redundancy 
in the measurements will be preferable. Table 1 shows the implementation of these objectives 
for each busbar. The cross indicates that the bus affects the goal. The summation of the weights 
is calculated in the last column to define the bus importance. From the space solution in the 
proposed algorithm, the maximum weights vectors are the best. Appling these objectives to the 
2760 options in the proposed algorithm give us the optimal 18 locations with the maximum 
weights presented in Table 2. 
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TABLE 1. Implementation of real application in each substation (busbar) 
 

Bus 
number 

Obj. 1 
(40%) 

Obj. 2 
(25%) 

Obj. 3 
(20%) 

Obj. 4 
(10%) 

Obj. 5 
(5%) 

Total 
(%) 

1     X 5 
2  X X X  55 
7 X X X X  95 
8     X 5 
11 X  X   60 
12 X  X  X 65 
13     X 5 
14  X    25 
15     X 5 
16     X 5 
18 X X X X  95 
19     X 5 
20 X     40 
22 X     40 
23     X 5 
24     X 5 
25     X 5 
30 X X X   85 
33     X 5 
34  X   X 30 
35  X   X 30 
36     X 5 
40 X X X X  95 
41     X 5 
42 X X X   85 
46     X 5 
48     X 5 
49 X X X X  95 
52 X X    65 
57 X X X X  95 
58 X     40 
59 X X    65 
60     X 5 
61 X X X X  95 
62 X X    65 
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TABLE 2. optimal 18 PMU locations for Jordan power system considering some real 
applications 

 
s.n  Optimal 18 locations 
1 3 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 54 57 61 62 65 
2 3 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 54 57 61 62 68 
3 3 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 55 57 61 62 65 
4 3 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 55 57 61 62 68 
5 3 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 56 57 61 62 65 
6 3 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 56 57 61 62 68 
7 4 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 54 57 61 62 65 
8 4 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 54 57 61 62 68 
9 4 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 55 57 61 62 65 
10 4 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 55 57 61 62 68 
11 4 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 56 57 61 62 65 
12 4 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 56 57 61 62 68 
13 8 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 54 57 61 62 65 
14 8 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 54 57 61 62 68 
15 8 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 55 57 61 62 65 
16 8 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 55 57 61 62 68 
17 8 11 12 13 18 19 23 27 30 34 38 40 42 48 49 52 56 57 61 62 65 

Table 2 shows the optimal 18 locations for the Jordanian power system considering the 
previous applications. The best solution should give the maximum number of redundant buses. 
The maximum number of redundant buses can be achieved by the first six solutions from the 
18 cases, Table 2. For these six sets, 27 buses can be observed by more than one PMU.  

Finally, the proposed algorithm is applied to different IEEE test systems with different 
scenarios. Table 3 shows the comparison of the proposed algorithm with the previous literature. 
The results of the second step in the proposed algorithm, observability for linear state 
estimation, are used in the table. 
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TABLE 3. comparison results with other methods 
  

Test 
system 

Case Proposed Algorithm Ref 
[7] 

Ref 
[26] 

Ref 
[27] 

Ref  
[28] Space 

solution size 
No. of 
PMU 

IEEE-14 
Bus 

Without 
ZIB 

5 4 4 4 4 N/A 

With ZIB 1 3 3 3 3 3 
n-1 

criteria 
4 7 7 7 7 7 

IEEE 30-
bus 

Without 
ZIB 

858 10 10 10 10 N/A 

With ZIB 68 7 7 7 7 7 
n-1 

criteria 
184 15 15 15 17 16 

IEEE 
118-bus 

Without 
ZIB 

1457 31 32 32 32 N/A 

With ZIB 765 28 28 28 28 29 
n-1 

criteria 
3521 61 62 64 65 62 

 
 
5. Conclusions.  

  This paper proposes a new algorithm to obtain a global solution to the OPP problem. This 
search algorithm considers all possible solutions without any exceptions. In this algorithm, the 
probability of getting the global solution for any system is 100 % because all space solutions 
are checked. Jordan Power system, which contains 68 buses, is taken as an actual system for 
validation purposes. Different WAMS applications are selected as examples to obtain the 
optimal placements that can achieve the maximum benefits for specific applications. Different 
IEEE test systems are used to validate the algorithm and compare it with others. 
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